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Abstract
Massive spin 1/2 particles require 2-spinors for rotations, 4-spinors for rotations
and boosts with parity. Including translations requires 8-spinors. Adapting 4-spinor
field theory to 8-spinor fields with translation symmetry is discussed here. It is shown
that four of these spin components act like conventional 4-spinors, satisfying the con-
ventional free-particle Dirac equation. The remaining four components have unconven-
tional coordinate dependence due to translation symmetry. One finds that the 4-vector
current of the 8-spinor is proportional to the electromagnetic 4-vector potential of the
conventional 4-spinor, with arbitrary charge. Thus translation symmetry in field theory
unites a conventional 4-spinor field and its electromagnetic vector potential.
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1 Introduction
Relativity theory tells us that the essential aspects of a physical explanation of an exper-
iment’s results can be expressed in any inertial coordinate system however it is rotated,
boosted or translated. Nevertheless, it is conventional to consider only quantum fields that
are scalars under translations,[1, 2] not allowing multicomponent fields to mix components
under translations while promoting spin, the mixing of components when the system is ro-
tated or boosted. Dismissing translations by considering only quantities such as quantum
fields that are scalar under translations robs field theory of a source of relationships which
may be potentially useful in explaining physical phenomena. Some rudimentary considera-
tions are presented in this paper.
Translations differ from rotations and boosts by being inhomogeneous. Rotating or boost-
ing a null 4-vector regurgitates the same null 4-vector, but a translation adds the same dis-
placement to the null coordinates of the origin that it adds to the coordinates of any other
point. This is just one example of the general donor/receiver situation for general spins. The
coordinates receive a displacement from some donor which, in this case, is a scalar.
For general spins, translations change spin components of a ‘receiver’ field that gets a
donation from a ‘donor’ field. The spins of receiver and donor are said to be ‘linked’.[3] In
current terminology, spins (A,B) and (C,D) can be linked when A and C differ by ±1/2
and also B and D differ by ±1/2. Thus, in the above example, coordinates are the receiver
4-vector field, spin (1/2, 1/2), and the displacement is donated by some scalar, a spin (0, 0)
field, with (1/2, 1/2) linked to (0, 0).
Four-component quantum fields, 4-spinors, describe the rotation and boost behavior of
massive spin 1/2 particles invariant under parity. With translations the donor/receivers can
be set so that one 4-spinor donates to a recipient 4-spinor. An 8-spinor field is required with
parity. It is shown here how the donor 4-spinor obeys the Dirac equation while the recipient
4-spinor receives contributions that complicate its part of the Dirac equation. However,
the contributions can be interpreted along a different aspect of spin 1/2 particles. The
contributions to the recipient 4-spinor produce a current that is shown to be proportional to
the electromagnetic vector potential with the donor 4-spinor as a source. Aside from a scale
factor, the electromagnetic vector potential of the 4-spinor donor field is the current of the
8-spinor donor/receiver field.
Sec. 2 introduces an 8-spinor representation of the Poincare´ algebra of rotations, boosts
and translations. In Sec. 3, the spin 1/2 field is deduced following a standard process[4]
from the confluence of unitary representations of states with the non-unitary 8-spinor reps
in Sec. 2. The process yields a Dirac equation for 8-spinors that is shown to include
a traditional Dirac equation for the donor 4-spinor. The recipient 4-spinor has an extra
coordinate dependence not given to the donor 4-spinor. In Sec. 4, this dependence on
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position makes the 8-spinor current behave as the electromagnetic 4-vector potential with
the 4-spinor donor field as source.
2 Spacetime symmetries
A Poincare´ transformation (Λ, b) applied to the coordinates xµ = (x, y, z, t) of Minkowski
spacetime preserves the scalar products of displacements, δxσδy
σ = ηµσδx
µδyσ, where δxµ =
xµ2 − xµ1 , with µ, ν, ... ∈ {1, 2, 3, 4} = {x, y, z, t}. The spacetime metric ηµν is diagonal with
η11 = η22 = η33 = +1 ; η44 = −1 . (1)
Vector indices are raised and lowered with η, as in δxσ = ηµσδx
µ.
Space and time inversions also preserve the scalar product δxσδy
σ, but these will be
considered separately as needed.
The Poincare´ transformation (Λ, b) is a Lorentz rotation-boost combination Λ followed
by a translation along a displacement bµ. The transformation is assumed to be connected
to the identity and can result from successive infinitesimal transformations in many ways.
A linear representation D(Λ, b) of a transformation in the Poincare´ group can be put in the
form,[5]
D(Λ, b) = exp (−ibµP µ) exp(iωµνJµν/2) , (2)
where the momenta P µ generate translations and the angular momenta Jµν generate rota-
tions/boosts.
Finite dimensional matrices Jµν exist that generate representations of the Lorentz group
of rotation-boosts. These generators obey the algebra[6, 7]
i[Jµν , Jρσ] = ηνρJµσ − ηµρJνσ − ησµJρν + ησνJρµ . (3)
The irreducible non-unitary representations are labeled by spin, two half-integral positive
numbers (A,B), with A,B ∈ {0, 1/2, 1,3/2, ...}.[8]
Finite dimensional matrices that represent the Poincare´ group extend Lorentz reps to
also include momentum matrices P µ that generate the translations. The generators P µ obey
the algebra[6, 7]
i[P µ, Jρσ] = ηµρP σ − ηµσP ρ , (4)
[P µ, P ν] = 0 . (5)
These commutation relations require that Poincare´ matrix reps combine irreducible Lorentz
reps with ‘linked’ spins.
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Lorentz reps with spins (A,B) and (C,D) can be ’linked’ when
C = A± 1/2 ; D = B ± 1/2 , (6)
A and B differ from C and D by a half. For spin 1/2, right and left 2-spinors, spin (0, 1/2)
and (1/2, 0), can be linked one to the other. A left 2-spinor links to a right 2-spinor and
vice versa. However, the linking must not be reflective; if a right and a left 2-spinor are each
linked to the other, then the P µ no longer commute, so (5) is violated.[9, 10]
An 8-spinor ψ consists equally of two right-handed 2-spinors and two left-handed ones.
These can be organized into two distinct 4-spinors each transforming independent of the other
under the Lorentz group of rotations and boosts. The rotation/boost generators are[11]
Jµν = − i
4
(γµγν − γνγµ) , where γµ =
(
γµ(4) 0
0 γµ(4)
)
. (7)
and γµ(4) are a set of Dirac gamma matrices,
γµ(4)γ
ν
(4) + γ
ν
(4)γ
µ
(4) = 2η
µν1 (8)
with 1 the unit matrix in 4-dimensions.
Translations link right and left 2-spinors. As noted previously, any right or left 2-spinor
can be linked to any left or right 2-spinor, respectively. From among all the linking options
with an 8-spinor, one can show that only linking one 4-spinor’s right and left 2-spinors to the
other 4-spinor’s left and right 2-spinors preserves parity. We link lower to upper. Writing
the 8× 8 matrices in 2× 2 and 4× 4 blocks, the momentum generators P µ are
P µ = ik


0 0 0 0
0 0 0 0
0 −σµ 0 0
σµ 0 0 0

 =
(
0 0
P µ21 0
)
, (9)
where all the nonzero terms are in the 4× 4 block P µ21. Applied to an 8-spinor ψ, the block
P µ21 links the lower 4-spinor ψ5 to ψ8 to the upper 4-spinor ψ1 to ψ4.
The momentum matrices (9) are written in a Weyl-representation with 4 × 4 gamma
matrices[12]
γµ(4) = i
(
0 −σµ
σµ 0
)
, (10)
where the Pauli matrices are
σµ =
(
δµt + δµz δµx − iδµy
δµx + iδµy δµt − δµz
)
and σµ =
(−δµt + δµz δµx − iδµy
δµx + iδµy −δµt − δµz
)
, (11)
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where δµν is one when µ = ν and zero when µ 6= ν. Note that raising and lowering indices with
η, (1), is equivalent to changing the signs of the time components. A Weyl-representation is
convenient for separating left and right 2-spinors and discussing parity.
One can show that the angular momentum matrices Jµν in (7) and the momentum
matrices (9) satisfy the commutation relations of the Poincare´ algebra, eqns. (3,4,5).
Spatial inversion, parity, exchanges right and left 2-spinors while leaving spin up and
spin down invariant. In the Weyl-representation (10), spatial inversions are carried out by
the the matrix β, with[13]
β = iγ4 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , (12)
where each entry is a 2 × 2 block. Clearly, β exchanges right and left 2-spinors in both the
upper 4-spinor and in the lower 4-spinor, but leaves spin up/down alone. In (12), a free
multiplicative factor is adjusted so that β is its own inverse, β−1 = β, or, put another way,
β2 = 1. It is straightforward to show that
βJµνβ = Jµν and βP
µβ = −Pµ , (13)
which are the appropriate changes in parity when the spacetime metric is the diagonal matrix
η = diag(+1,+1,+1,−1).
Because the momentum matrices P µ are off-diagonal, one has P µP ν = 0, and the trans-
lation D(1, b) simplifies,
D(1, b) = exp (−ibµP µ) = 1− ibµP µ . (14)
Thus translation matrices are linear in the displacements b.
With the matrices P µ in the representation (9), translating an 8-spinor gives
D(1, b)ψ = (1− ibµP µ)ψ =
=


1 0 0 0
0 1 0 0
0 −ikbµσµ 1 0
ikbµσµ 0 0 1




(
ψ1
ψ2
)
(
ψ3
ψ4
)
(
ψ5
ψ6
)
(
ψ7
ψ8
)


=


(
ψ1
ψ2
)
(
ψ3
ψ4
)
(
ψ5
ψ6
)
− ikbµσµ
(
ψ3
ψ4
)
(
ψ7
ψ8
)
+ ikbµσµ
(
ψ1
ψ2
)


.
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The extra () are for clarity. Thus components ψ5 to ψ8 receive a contribution from compo-
nents ψ1 to ψ4. In view of this, let us call the upper 4-spinor the donor 4-spinor ψdonor and
call the lower 4-spinor the receiver 4-spinor ψreceiver
ψdonor ≡


ψ1
ψ2
ψ3
ψ4

 ; ψreceiver ≡


ψ5
ψ6
ψ7
ψ8

 .
The amount added to ψreceiver is independent of ψreceiver. This is like translating coordinates
because no matter what the values of the coordinates of a point, a translation adds the same
displacement.
3 Spin half fields
Eight component annihilation fields ψ+l (x) and creation fields ψ
−
l (x) are sums of annihilation
operators aσ(p) and creation operators a
†
σ(p) with coefficient functions ulσ(x;p) and vlσ(x;p)
as follows:[14]
ψ+l (x) =
∑
σ
∫
d3p ulσ(x;p)aσ(p) , (15)
and
ψ−l (x) =
∑
σ
∫
d3p vlσ(x;p)a
†
σ(p) . (16)
The symbol p denotes the space components of the momentum, {px,py,pz}. The spacial
components p determine the time component p t = (m2+p2), which is required to be positive
for the class of Poincare´ transformations considered here, p t > 0. The particle field is the
sum of the two fields,[15] ψ = ψ+ + ψ− .
Suppose the unitary operator U(Λ, b) acts on particle states when the system is boosted
and rotated with the Lorentz transformation Λ followed by a translation along the displace-
ment b. The operators transform as single particle states under U and the coefficient functions
u and v are invariant.
Thus the creation and annihilation operators transform with unitary reps,[16].
U(Λ, b)a(p, σ)U−1(Λ, b) = eiΛp·b
√
(Λp)t
pt
∑
σ¯
D
(j)
σσ¯
(
W−1 (Λ, p)
)
aσ¯(pΛ) (17)
U(Λ, b)a†(p, σ)U−1(Λ, b) = e−iΛp·b
√
(Λp)t
pt
∑
σ¯
D
(j) ∗
σσ¯
(
W−1 (Λ, p)
)
a†σ¯(pΛ) ,
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where j is the spin of the particles and the space components of the transformed momentum
Λp are denoted pΛ.
The matrices D(j) form a spin j unitary representation of the Lorentz transformation Λ,
while the phase factors e±ip·b are the unitary representations of the translation by b. Since
the representation is unitary and boosts form a non-compact group, the rep is infinitely
dimensional which shows up here in the dependence of the matrices D(j) on the particle’s
momentum p. ‘W ’ stands for the Wigner rotation associated with the transformation Λ for
particle momentum p. For details see reference [4].
One requires the fields ψ+l (x) and ψ
−
l (x) to transform differently. Fields transform with
a nonunitary representation D(Λ, b) as in (2),
U(Λ, b)ψ±l (x)U
−1(Λ, b) = D−1
ll¯
(Λ, b)ψ±
l¯
(Λx+ b) . (18)
These nonunitary transformations differ from those in Ref. [4] because we include the same
translation along a displacement b that is applied in the unitary transformations of the
operators a and a†. This is the reason for writing this paper.
The contrary transformations of the fields and operators constrains the coefficient func-
tions. By (15, 16, 17, 18), one can show that
ulσ(x,p) =
√
m
pt
eip·xDll¯(L(p), x)ul¯σ(0, 0) (19)
vlσ(x,p) =
√
m
pt
e−ip·xDll¯(L(p), x)vl¯σ(0, 0) ,
where the quantities ul¯σ(0, 0) and vl¯σ(0, 0) are evaluated at the origin x = 0 with the particle
at rest, 3-momentum p = 0 and 4-momentum k = (0, 0, 0, m).
The ‘standard boost’, the Lorentz transformation L(p), is given by[17]
Lik(p) = δ
i
k + (1 + γ)
−1m−2pipk , (20)
Li4 = L
4
i = m
−1pi and L44 = γ = m
−1p4 , (21)
transforms the rest frame of the particle with 4-momentum kµ = (0, 0, 0,M) to a frame with
pµ = (p,
√
1− p2), a rotation taking pˆ to zˆ followed by a boost along z followed by a rotation
taking the unit vector zˆ to pˆ. The derivation of (19) follows the procedures in reference [4].
Note that the coefficient functions are not simple plane waves because of the coordinate
dependence in the translation part of the transformation matrix Dll¯(L(p), x). By rewriting
(19) as
umσ(x,p) = e
ip·xDmn(1, x)unσ(0,p) , (22)
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vmσ(x,p) = e
−ip·xDmn(1, x)vnσ(0,p) , (23)
we can collect together the coordinate independent parts, unσ(0,p) and vnσ(0,p), of the
coefficient functions.
In (17), the matrices D(j) form a unitary representation of the Lorentz group that is
applied to particle states and annihilation operators. These generate rotations not boosts
by the Wigner rotation mechanism. One can show by Schur’s lemma[18] that j = 1/2 and
we can take
J (j)k =
1
2
σk , (24)
without loss of generality. Another consequence is that the four 2-spinors that make up the
8-spinor coefficient functions when they are evaluated at the origin in the particle rest frame
each commute with the three Pauli matrices σk. Each 2-spinor is therefore proportional to
the unit 2 × 2 matrix. Thus, we write umσ(0, 0) = caδ[m mod2]σ, where a = 1 for the first
2-spinor with m = (1, 2), a = 2 for m = (3, 4), a = 3 for 8-spinor indices m = (5, 6) and a
= 4 for indices (7, 8). One has
ul,+1/2(0, 0) =


c1
0
c2
0
c3
0
c4
0


ul,−1/2(0, 0) =


0
c1
0
c2
0
c3
0
c4


, (25)
where l runs from 1 to 8 and the two values of the index σ are ±1/2. The four constants ci
are arbitrary. For details see reference [19] where the same procedure is applied to 4-spinors.
The constants ci may be constrained by their behavior under spatial inversion. As dis-
cussed in some detail in Ref. [20], if the description is to be parity invariant, then the coef-
ficient functions ul,+1/2(0, 0) and ul,−1/2(0, 0) should be eigenspinors of the parity-changing
matrix β,
βun,σ(0, 0) = un, σ(0, 0) and βvnσ(0, 0) = −vnσ(0, 0) , (26)
where σ = ±1/2. For the Weyl-rep here with the β in (12), the coefficient functions in (25)
have constants ci constrained by c1 = c2 and c3 = c4. Similar remarks apply to the coefficient
functions vn, σ(0, 0).
For a particle perhaps not at the origin and not at rest, one can apply the transformation
D(L(p), x). By (19) and (26) and replacing β with iγ4, one finds that the coefficient function
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ulσ(x,p) satisfies [
iD(L(p), x)γ4D−1(L(p), x)
]
ln
unσ(x,p) = ulσ(x,p) . (27)
By (2), γ4 is transformed by D(L(p), x) = D(1, x)D(L(p), 0), a Lorentz rotation/boost fol-
lowed by a translation.
Take L(p) first, i.e. D(L(p), 0)γ4D−1(L(p), 0). One can show by (3) that vector matrices
such as γµ transform with a Lorentz rotation/boost both as a vector and a second-order
tensor. For D(L(p), 0) this means that
D(L(p), 0)γ4D−1(L(p), 0) = (L−1(p))4νγ
ν = − 1
m
γνpν , (28)
where the component (L−1(p))4ν = −pν/m, by (21) with p → (−pi, p4) to get the inverse
transformation. Now applying the translation transformation D(1, x) = (1− ixµP µ) and its
inverse to (27) yields
− i [γν − ixµ (P µγν − γνP µ)]kl pνulσ(x,p) = mukσ(x,p) (29)
−i [γν − ixµ (P µγν − γνP µ)]kl pνvlσ(x,p) = −mvkσ(x,p) ,
which is the Dirac equation at the coefficient function level for the 8-spinor field.
By the γµ in (7) and the P µ matrices in (9), the matrix P µγν−γνP µ has just one nonzero
off-diagonal 4× 4 block,
P µγν − γνP µ =
(
0 0
P µ21γ
ν
(4) − γν(4)P µ21 0
)
. (30)
The two zero blocks in the first row show that the matrix has no effect on the first 4
components of u and v, {u1σ, u2σ, u3σ, u4σ} = udonoriσ and {v1σ, v2σ, v3σ, v4σ} = vdonoriσ .
It follows that, when restricted to the donor 4-spinor coefficient function udonoriσ , the Dirac
equation (29) simplifies to
− iγν(4) ijpν udonorjσ (x,p) = mudonoriσ (x,p) (31)
−iγν(4) ijpν vdonorjσ (x,p) = −mvdonoriσ (x,p) .
By (19), the coefficient function udonoriσ (x,p) depends on x only in the phase factor exp (ip · x).
Thus, the momentum factor pν can be obtained with the differential −i∂µ and multiply-
ing udonoriσ (x,p) by pν is equivalent to applying −i∂µ. For vdonor its +i∂µ, since vdonor has
exp (−ip · x) in (19). One finds that
− γν(4)∂νudonorσ (x,p) = mudonorσ (x,p) (32)
4 THE E-M VECTOR POTENTIAL 10
−γν(4)∂νvdonorσ (x,p) = mvdonorσ (x,p) ,
where some indices are dropped to avoid clutter. The differential momentum operator ∂ν
is linear and can be applied to all terms of the expansion of the donor 4-spinors ψ+l (x) and
ψ−l (x) in (15) and (16), so we get
− γν(4)∂ν ψdonor(x) = mψdonor(x) , (33)
which includes the ψ+(x) and ψ−(x) fields. Thus the donor 4-spinor field ψdonor = (ψ1, ψ2,
ψ3, ψ4) obeys the standard Dirac equation for a free spin 1/2 particle with mass m.
The situation for the receiver 4-spinor field ψreceiver, 8-spinor components 5 through 8,
is complicated because the coefficient functions ulσ(x,p) are not simple plane waves like
exp (±ixµpµ), but also depend on the coordinates x via the translation matrix D(1, x) in
(19).
Having found the usual Dirac equation for the donor 4-spinor, we choose to avoid dis-
cussing the Dirac equation of the receiver 4-spinor and concentrate on another aspect of its
coordinate dependence.
4 The E-M vector potential
The position dependence of the coefficient functions ulσ(x,p) and vlσ(x,p) in (19) is com-
plicated by the presence of both phase factors exp (±ixµpµ) and the translation matrix
D(1, x). At the finish of the preceding section, by considering just the donors, udonorlσ (x,p)
and vdonorlσ (x,p), we avoided the translations D(1, x). In this section, we avoid the phase
factors exp (±ixµpµ) by calculating currents.
Define the current jµ of a coefficient function unσ(x,p) to be
jµ(x;p, σ) = N8 u¯nσ(x,p)γ
µ
nmumσ(x,p) , (34)
where N8 is a normalization constant for the 8-spinor, there is no sum over σ and u¯ = u
†γ4.
Thus there is one current for each momentum p and each spin σ = ±1/2. The currents for
the coefficients v are similar.
Separating the coordinate and coordinate-independent parts, as in (22), we have
jµ(x;p, σ) = N8 u¯nσ(0,p)
[
γ4D†(1, x)γ4γµD(1, x)
]
nm
umσ(0,p) , (35)
with all the x-dependence confined to the translation D(1, x) and its conjugate in the square
brackets.
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By (9) and (14), the translation D(1, x) = exp (−ixβP β) = 1 − ixβP β is linear in x. It
follows that jµ(x;p, σ) is quadratic in x. One finds that the part of the current that is of
second order in x is given for the P µ in (9) in the Weyl-rep (10) by
jµ(x;p, σ)
x2≍ N8 u¯nσ(0,p)
[
k2xαxβ
(
γα(4)γ
µ
(4)γ
β
(4) 0
0 0
)]
nm
umσ(0,p) , (36)
where “
x2≍ ” means that only terms of order x2 are displayed. The 4 × 4 donor-donor block
of the square brackets has all the nonzero matrix components.
By (36), only the donor-donor terms, u¯donor
[
k2xαxβγ
α
(4)γ
µ
(4)γ
β
(4)
]
udonor, have nonzero sec-
ond order derivatives. Thus
∂α∂βj
µ(x;p, σ) = N8k
2u¯donoriσ (0,p)
[
γ(4)α γ
µ
(4)γ
(4)
β + γ
(4)
β γ
µ
(4)γ
(4)
α
]
ij
udonorjσ (0,p) , (37)
where γ(4)α = ηαργ
ρ
(4) and i, j ∈ {1, 2, 3, 4} denoting the components of the 4-spinor donor
portion udonoriσ of the 8-spinor unσ.
From (37) and the identity γα(4)γ
µ
(4)γ
(4)
α = 2γ
µ
(4), we get
ηαβ∂α∂βj
µ(x;p, σ) = 2N8k
2u¯donoriσ (0,p)
[
γα(4)γ
µ
(4)γ
(4)
α
]
ij
udonorjσ (0,p) (38)
= 4N8k
2u¯donoriσ (0,p)γ
µ
(4) iju
donor
jσ (0,p)
Defining the donor 4-vector current by
jµdonor(p, σ) ≡ N4 u¯donoriσ (0,p)γµ(4) ijudonorjσ (0,p)
yields, by (38),
∂α∂αj
µ(x;p, σ) = 4k2
N8
N4
jµdonor(p, σ) . (39)
The quantity N4 is the normalization constant for the 4-spinor u
donor.
Similar manipulations show that
∂µ∂βj
β(x;p, σ) = −8k2N8
N4
jµdonor(p, σ) . (40)
The donor current jµdonor is independent of position x, because the four donor coefficient
functions, udonor = (u1, u2, u3, u4), do not receive any position-dependent terms from the
translation matrix D(1, x) in (19) and phase factors exp (±ipx) cancel in the current. Thus,
all the position x dependence of the current jµ(x;p, σ) is embedded with the four receiver
coefficients, ureceiver = (u5, u6, u7, u8).
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Subtracting (40) from (39) gives
∂α∂αj
µ(x;p, σ)− ∂µ∂βjβ(x;p, σ) = 12k2N8
N4
jµdonor(p, σ) . (41)
Comparing this to Maxwell’s source equation shows that the 8-spinor current jµ(x;p, σ) is
proportional to an electromagnetic vector potential aµ,
aµ ≡ q N4
12k2N8
jµ(x;p, σ) . (42)
The source of the electromagnetic vector potential aµ(x;p, σ) is the 4-spinor donor current
jµdonor with a charge q and mass m and restricted to a state with momentum p and spin σ.
By (41) and (42), we have
∂α∂αa
µ(x;p, σ)− ∂µ∂βaβ(x;p, σ) = qjµdonor(p, σ) , (43)
which is coincident with Maxwell’s source equation.[21, 22]
It may be important to include translations in quantum field theory because the group
of translations is a fundamental spacetime symmetry group and its inclusion may provide
insight into the force fields produced by spin 1/2 sources.
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